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1 Introduction 



The general notion of an algebra with a system of polylinear operations was 
introduced by A.G. Kurosh in [10] under the term of f2-algebra. Starting with 
this notion V.T. Filippov [7] defined an n-Lie algebra as an algebra with one 
n-ary polylinear operation (n > 2) which is anti-symmetric in all variables 
and satisfies a generalized Jacobi identity.In n-Lie algebras, similarly to the 
case of Lie algebras, operators of right multiplication are derivations with 
respect to the given n-ary multiplication and genérate the Lie algebra of 
inner derivations. In this manner a natural generalization of Lie algebras was 
suggested for the case where the given multiplication is an n-ary operation. It 
worth mentioning that in the paper [13] a natural example of an n-Lie algebra 
of infmitely differentiable functions in n variables has been considered, in 
which the n-ary operation is given by the Jacobian. This n-Lie algebra 
is applied in the formalism of mechanics of Nambu, which generalizes the 
classical Hamiltonian formalism. 

For further examples and methods of construction of n-Lie algebras we 
refer to [6]-[7], [9]. 

The present work is devoted to a new algebraic notion - so called Leibniz 
n-algebras which was introduced in [5] and has been further investigated in 
[3]-[I]j [15] • These algebras are both "non antisymmetric" generalizations of 
n-Lie algebras and also of Leibniz algebras [UJ , which are determined by the 
following identity: 

[x, [y,z]] = [[x,y],z] - [[x,z],y\. 

Investigations of Leibniz algebras and n-Lie algebras show that many 
properties of Cartan subalgebras and regular elements of Lie algebras may 
be extended to these more general algebras. Therefore a natural question 
occurs whether the corresponding classical results are valid for Cartan sub- 
algebras and regular elements in Leibniz n-algebras. This problem is the 
main objective of this paper. In this direction, we establish the relationship 
between Cartan subalgebras and regular elements of given Leibniz n-algebra 
and Cartan subalgebras and regular elements of the corresponding factor 
algebra with respect to the ideal, generated by the elements of the form: 

, X2 , • • • , X{ , . . . , Xj , . . . , X n ] -|- \x\ , X2i • • • , Xj , . . . , X{ , . . . , X n ] . 

All spaces and algebras in the present work are assumed to be finite 
dimensional. 



2 



2 Preliminaries 

Definition 2.1. [5] A vector space L over a filed F with an n-ary multipli- 
cation [— , — , — ] : L® n — > L is called a Leibniz n-algebra if it satisfies the 
following identity 

r¿ 

[[xi,X 2 , • • . ,¡E n ],y 2 , • • - ,2/n]] = J^ 1 ' ■ ■ • ' a?i - 1 ' [ X¿ '^ 2 ' • • ->2/n],^¿+l) • • • , x n] (1) 

¿=1 

It should be noted that if the product [—,—,...,—] is antisymmetric in 
each pair of variables, i.e. 

j ^<2) • • • j *£¿> ■ ■ ■ j Xj¿ • • • j ^n] ["^1) ^2) ■ ■ ■ j Xji . . . , Xj, . . . , 2J n ]. 

then this Leibniz n-algebra becomes an n-Lie algebra. 

Example 2.1. [5] Let L be a Leibniz algebra with the product [—,—]. Then 
the vector space L can be equipped with the Leibniz n-algebra structure with 
the following product: 

[xi,x 2 , x n ) := [xi, [x 2 , • • • , [x„-i, x n ])). 

Given an arbitrary Leibniz n-algebra L consider the following sequences 
(s is a fixed natural number, 1 < s < n): 

L <1>S =L, L <k+i>s = [ , L <fc> % L,...,L], 

(s— 1)— times (ra— s)— times 

ra 

L 1 = L, L k+1 = ]T[L 1 __L ,L k , L 1 __L ]. 

* — ^ (¿—1)— times (n— i)— times 

Definition 2.2. A Leibniz n-algebra L is said to be s-nilpotent (respectively, 
nilpotent) if there exists a natural number k G N (respectively, Z G N) such 
that L <k>s = (respectively, L l = 0). 

It should be noted that for n-Lie algebras the above notions of s-nilpotency 
and nilpotency coincide. Let us also recall that for Leibniz algebras (i.e. 
Leibniz 2-algebras) the notions of 1-nilpotency and nilpotency were already 
known to coincide [2j. 

The following example shows that the s-nilpotency property for Leibniz 
n-algebra (n > 3) essentially depends on s. 
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Example 2.2. Let L Pj5 be an m-dimensional algebra with the basis {e 1 ,e 2 , 
. . . , e m } (m > n — 1) with the following product: 

1, 6i, . . . , 6 n _i] 6p_i 
[Cg— 1, Cl) • • • 5 Cn— l] i, 

where 2 < p ^ q < n and all other producís of basic elements assumed to be 
zero. 

A straightforward calculation shows that this is a Leibniz n-algebra which 
is s-nilpotent for all s ^ p,q but it is neither p-, ñor g-nilpotent. Moreover 
L p g is not nilpotent. 

Everywhere below we shall consider only 1-nilpotent n-algebras and thus 
for the sake of convenience " 1-nilpotency" will be called symply "nilpo- 
tentcy" . 

Set A xk := A x A x ••• x A. 

V v ' 

k— times 

Definition 2.3. A linear map d defined on a Leibniz n-algebra L is called a 
derivation if 

n 

d([x 1 ,x 2 ,...,x n \) = ^2[x 1 ,...d(x i ),...,x n ]. 

i=l 

The space of all derivations of a given Leibniz n-algebra L is denoted by 
Der(L). 

The identity (1) and the properties of derivations easily imply the follow- 
ing equality: 

n 

[f,g]([xi,...,x n ]) = [f,g](xi),...,x n ], (2) 

i=i 

for all /, g e Der(L), where [/, — fg — gf. Therefore the space Der(L) 
forms a Lie algebra with respect to the commutator [/,<?]. 

Given an arbitrary element x = (x2, • • • , x n ) G L x( ^ n_1 ) consider the oper- 
ator R(x) : L — > L of right multiplication defined as 

i?(x)(z) = [z,X2, • • • ,x„]. 
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Let G be a subalgebra of the Leibniz n-algebra L, and put R(G) = 
{R(g) | g G G x(n_1) }. 

The identity (1) implies that any right multiplication operator is a deriva- 
tion and the identity (2) can be rewritten as 

n 

[d, R(y 2 , • • • , Vn)) = £ Rfa, dfa), ...,y n ). (3). 

The space R(L) is denoted further by Inner(L) and its elements are called 
inner derivations. 

Further we have the following identity: 

n 

[R(x), R(y)} =-J2 Rfa, R(y)(xi), ...,x n ) (4). 

¿=2 

Thus Inner (L) forms a Lie ideal in Der(L). 

Theorem 2.1 (Engel's theorem). A Lie algebra L is nilpotent if and only if 
each operator R(x) is nilpotent for any x G L. 

From the identity (4) and Theorem 12.11 it follows that if G is a nilpotent 
subalgebra of a Leibniz n-algebra L, then R(G) is a nilpotent Lie algebra. 
Indeed, from (4) we have 

[R(x), R{y)} = - R{R(y) Í2 (x 2 ), R(y) ik M, R{y) in M), 

¿2+...+¿ n =l 

which implies easily that 

[[[R(a),R(b)},...,R(c)],R(d)} = 

V v ' 

m-times 

(-ir • £ £ - 

4 1 )+...+4 1) =i 4 2) +-+4 2) =i 

R((R(d)^ m) oR(c)^ X) o...oR(bY^)(a 2 ),... 

4 m) +...+iÍT ) =i 

. . . , (R(d) 1 ^ o Ric)^ o ... o R(b)^)(a n )). 

Therefore if G^ 1 = for an appropriate p G N, then for m > (n — l)p 
each term on the right side becomes zero and thus R(G) is nilpotent. 
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The following lemma gives a decomposition of a given vector space into 
the direct sum of two subspaces which are invariant with respect to a given 
linear transformation . 

Lemma 2.1 (Fitting's Lemma). Let V be a vector space and A : V — > V 
be a linear transformation. Then V = Vq A © V\ A , where A(Vq A ) Q Voa, 

oo 

A(V lA ) C V 1A and V 0A = {v e V\ A\v) = for some i} and V 1A = f| A l (V). 

Moreover, A\y 0A is a nilpotent transformation and A\y 1A is an automorphism. 

Proof. See [S] (chapter II, §4). □ 

Definition 2.4. The spaces Vq A and V\ A are called the Fitting's null-com- 
ponent and the Fitting's one-component (respectively) of the space V with 
respect to the transformation A. 

Definition 2.5. An element h e L x ( n_1 ) is said to be regular for the algebra 
L if the dimensión of the Fitting's null-component of the space L with respect 
to R(h) is minimal. In addition, its dimensión is called a rank of the algebra 
L. 

It is easy to see that the dimensión of the Fitting's null-component of a 
linear transformation A is equal to the order of the zero root of the charac- 
teristic polynomial of this transformation. Henee an element h is regular if 
and only if the order of the zero characteristic root is minimal for R(h). 

It should be noted that in the case of n-Lie algebras the operator R(h) 
of right multiplication is degenerated. In particular, if the dimensión of an 
n- Lie algebra L is less than n then we have Vqr^ = L. If dimL > n then 

dim V fl(/i) >n-l. 

Note also that for Leibniz algebras (i.e. n = 2) the operator R(h) is also 
degenerated pQ. 

Let us give an example of a Leibniz n-algebra (n > 3) which admits a 
non degenerated operator of right miltiplication. 

Example 2.3. Consider an m-dimensional Leibniz n-algebra L over a field 
F with the following miltiplication: 

[e h ei, . . . ,e n _i] = a¿e¿, a e F 

where {ex, . . . ,e m } is the basis of the algebra, a¿ ^ for all 1 < i < m, 

n-l 

etj = and all other produets are zero. 

i=i 
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In this algebra the operator R(ei, . . . , e n _i) is nondegenerated. 

We need the following lemma which can easily be proved. 

Lemma 2.2. Let [—, —,...,—] : V® n —> V be a polylinear operatíon on a 
vector space V . The following conditíons are equivalent: 

1) [-^l) ■ ■ ■ i ^i'+l) • • • ) ^ra] fali • • • > *£¿4-l i^ii ■ ■ ■ i -En] 

for all 1 < i < n — 1 

2) [^1 j • • • j Xi, • • • 1 Xj , . . . , X n ] \x\ ■ • • • j Xj i • • • i ^t) • ■ ■ i 

/or all 1 < i ^ j < n 

3) [xi, . . . , Xi, . . . , Xj, . . . , x n ] =0 if Xi = Xj for some 1 < i 7^ j < n 

4) [xi, . . . , Xi, Xi+i, . . . , x n ] = if Xi = Xi + i for some 1 < i < n — 1. 

Consider the n-sided ideáis 
1 — % dectl ^x ]_ , * * * ■ x í 5 • • • 5 5***5 *^Ti] | ^ ^ 5 ^ * ^ í — ^ j ^ 

(/ 2(¿e(iZ([xi, . . . , Xi, . . . , X^ , . . . , X n ] ~t~ \x\, . . . , X¿, . . . , Xj, . . . , Xyi^ | 1 ^ í 7^ J — '^') 

Lemma [2.21 implies that these ideáis coincide. 

Lemma 2.3. Leí L be a Leibniz n-algebra. If it admits a nondegenerated 
operator of right multiplication then I = L. 

Proof. Let x 2 , ***,x n G L be elements such that the operator R(x 2 , ***,x n ) is 
non-degenerated. 

n 

Suppose first that X2, x n are linearly dependent and x p = 0¿íXí, 0¿i t 

1 = 2, lytp 

C. For any a G L there exists b G L such that 

ra 

a = [b,x 2 , ...,x n ) = 22 Oíi[b,x 2 , ...,x p - 1 ,x i ,Xp +1 , ...,x n ] E I 

i=2, i^p 

and therefore L = I. 

Now suppose that x 2 , ...,x n are linearly independent. Since the operator 
R(x 2 , x n ) is nondegenerated, there exist y k G L, (2 < k < n) such that 

[Uk, x 2i ••> ^ra] — ^fc* 

It is clear that the elements y 2 , ...,y n are also linearly independent. 
Note that if Xf. G I for some k, then 

L = [L,x 2 , ...,x n ) C I, 
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and therefore L — I. 

Suppose that x k ^ I for all 2 < k < n. Consider the equalities 

Xk — [Vk, X 2 , Xk-li Xk, Xk+1, X n ] = [yk, X2, ■ Xk-l, [yk, X 2 , X n ], Xk+1, ■ 

The identity (1) implies 

[[Vk, X 2 , ■ ■ ■ ; Xk-1, Vk, ■ ■ ■ , Xn\,%2, ■■, Xn] = 

= [[Vk,X 2 , ...,X n ],X 2 , ■ ■ ., Xk-1, Vk, Xk+1, ■ ■ ■ ,X n ]] + 

+ [y k , [x 2 ,x 2 , ...,x n ],x 3 . . . , x k -i, Vk, x k +i, ■ ■ - ,x n ]] + . . . + 

+ [y k 

, x 2 , . . . , Xk-2, [xk-i, x 2 , . . . , x n ], yk, ■ ■ ■ , x n ] + 

, X 2 , Xk-l, [Uk, X 2 , X n ], Xk+1, X n ] + 

+ [y k ,x 2 , . . .,x k -i,Vk, [x k +i,x 2 , . . .,x n ], ...,x n ] + ...+ 

+ [l/k, X 2 , . . . , Xk-1, Vk, Xk+1, ■ ■ ■ , X n -i, [x n , X 2 , . . . , X n ]] . 

Since all summands on the right side except 

[[Uk, X 2 , ■ ■ ■ , X n ], X 2 , . . . , Xk-l, Uk, Xk+1, ■ ■ ■ , x n ] , 

[y k , x 2 , Xk-i, [yk, x 2 , ...,x n ],x k +i, x n ] 
and the whole left side in the above equality belong to the ideal J, it follows 



that 



[Vk, X 2 , Xk-l, [Vk, X 2 , X n ], Xk+1, x n ] + 

+ [[yk,x 2 , ...,x n ],x 2 , . . . ,x k -i,yk,x k +i, ...,x n ]el. 



Therefore 



x k + [x k , x 2 , Xk-i, Vk, x k +i, ■■■,x n ] G /. (5) 



n 



If a G (x 2 , x n ) fl I then a 




i=2 



We have that 



[a, x 2 , ■ ■ ■ , x k -i,Vk, Xk+i, ■ ■ ■ ,x n ] G /. 



On the other hand 



n 



[a, X 2 , . . . , Xk-l, Vk, Xk+1, ■ ■ ■ , X n ] — 0¡í[Xí, . . . , Xk-l, Vk, Xk+1, ■ ■ ■ , x n \. 



Therefore 

a k [x k , . . . 

Thus (5) implies that a k x k G / and henee a k = (2 < k < n), i.e. a = 0. 
This means that 

(x 2 , ...,x n ) n / = 0. 

Note that y k ^ /, because ií y k E I then (5) implies that x k E I which 
contradiets our assumption that x k I for all k. 

n n 

If a E (y 2 , ...,y n )n (x 2 , ...,x n ), then a = ^ and a = ^ a¿x¿ for 

¿=2 ¿=2 

some ai, $ G C. 

By applying the operator i?(a;2, •••,a; n ) to the element a we obtain 

n n 

^2pi[yi,x 2 , ...,x n ] = y^ j a i [x i ,X2, ...,x n ] G /, 

i=2 i=2 

n 

i.e. '^^PíXí G /. But (x 2 ,...,x n ) Di— {0} and therefore f3i = for all 
2 < i < n and thus 

(2/2, • • • ,2/n) n (x 2 , . . . ,X n ) = 0. 

n 

If a G (1/2, 2/n) n / then a = ^ and 

j=2 

n n 

^aiXi = y^ j a i [y i ,x 2 , ...,x n } = [a,x 2 , ...,x n ]el. 

i=2 i=2 

Therefore a¿ = 0, i.e. a = and 

(y 2 ,...,y n )n/ = 0. 

Since R(x 2 , x n ) is nondegenerated, there exist z k G L, (2 < k < n) 
such that [z k ,x 2 , ..,x n ] = y k . 

In the same way one can prove that z 2 , . . . ,z n are linearly independent 
and 

(z 2 , ...,z n )n (x 2 , . . .,x n ) = 0, 
(22, •••,*») n (y 2 ,...,y n ) = 0, 



9 



(z 2 , ...,z n )ni = o. 

Repeating the above process we obtain that 

/ © (x 2 , . . . , ¡r n ) © (y 2 , . . . , y n ) © (z 2 , . . . , z n ) © • • • C L, 

which contradicts the finiteness of dimL. The proof is complete. □ 

The following example shows that the converse assertion to the Lemma 
12.31 is not true in general. 

Example 2.4. Consider a complex m-dimensional (m > 4) non Lie Leibniz 
algebra L with the basis {e, /, h, io, ii, ■ ■ ■ , im-<i} and the following table of 
multiplication: 

[i k , h] = (m - 4 - 2k)i k , < k < m - 4; 

[ik, f] = ik+i, < k < m - 5; 

[ik, e] = kik + 3 — n)ik-i, 1 < k < m — 4; 

[e,/i]=2e, [/i,e] = -2e, [f,h] = -2f, 

[h,f\=2f, [ej] = h, \J,e] = -h, 

with other producís are zero. 

Following the construction of Leibniz n-algebras from Example 12.11 we 
obtain a Leibniz n-algebra. For n > 4 one has 

I3[h,h,...,h,e] = [h, [h,..., [h, e] ...]] = (-2)"- 1 e, 

[/»,..., [Ii, /]...]] = 2»" 1 /, 
/3[M,..,MH [/, [h,-.., [h, e] ...]] = -(-2)"-^, 
/ 9 [i fc , /i, . . . , h, f) = [i k , [h,..., [h, f] ...]] = 2 n ~ 2 i k+l 
for < k < m — 5 and 

/ 3 [h, h,...,h,e] = [i u [h,..., [h, e] ...]] = (-2)™- 2 (4 - n)z„. 

Therefore for this Leibniz n-algebra (n > 4) we have I = L. 
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Moreover, let us show that in this Leibniz n-algebra all operators of 
right multiplication are degenerated. Indeed, suppose that for some a = 
(ü2, . . • , a n ) G L x ^ n_1 ) the operator R(a) is nondegenerated. Then for every 
x G L we have 

/ [x, a 2 , . . . , a n ] = [x, [a 2 , • • • , [a n _i, a n ] ...]], 

and for the element b = [a 2 , . . . , [a n _i, a n ] . . .] we obtain that is a non 
degenerated operator in the Leibniz algebra L, which contradicts the Lemma 
2.6 from pQ. 

We also have the following generalization of Fitting's Lemma for Lie al- 
gebras of nilpotent transformations of a vector space. 

Theorem 2.2. Let G be a nilpotent Líe algebra of linear transformations of 

oo 

a vector space V and Vo = f] Vqa, Vi = f] G % (V). Then the subspaces Vq 

A&G i=l 

and Vi are invariant with résped to G (i.e. they are invariant with résped 
to every transformation B of G) and V = Vq © V\. Moreover, V% = Via- 

Proof. See ¡E] (chapter II, §4). □ 

Remark 1. From ¡Sj (chapter III, p. 117) in the case of a vector space V 
over an infinite field and under the conditions of Theorem 12.21 we have the 
existence of an element B G G such that Vq = Vqb and Vi = V\b- 



3 The main results. 



Let 9 be a nilpotent subalgebra of an n-Leibniz algebra L and L = Lq © L\ 
be the Fitting's decomposition of L with respect to the nilpotent Lie algebra 
R(^s) = {R(x)\ x G $5 x ( n_1 )} of transformations of the underlying vector 
space V as in Theorem 12.21 

Definition 3.1. Given a subset X in a Leibniz n-algebra L, the s-normalizer 
of X is the set 

N S (X) — {a G L | [xi, . . . , x s -i, a, x s+í , . . . , x n ] G Xfor all x¿ G X}. 



11 



Note that if in the Example 12.31 we consider the set X generated by the 
vectors (ei, e 2 , . . . , e n _i), then Ni(X) = X and N S (X) = L for all 1 < s < n. 

Further we shall consider only 1-normalizers, and therefore we shall cali 
them simply normalizers and denote the set of normalizer by N(X). 

Definition 3.2. A subalgebra Q of a Leibniz n- algebra L is said to be a 
Cartan subalgebra if : 

a) S is nilpotent; 

b) 3 = JV(Qí). 

The following example shows the existence of such subalgebras. 

Example 3.1. Consider the algebra L = (ei, e2, • • • , e m ) with the following 
multiplication: 

[e k ,e 1 ,e 1 ,...,e 1 ]=e k (2<k<m). 

It easy to see that L is neither a nilpotent Leibniz n-algebra and ñor an n-Lie 
algebra. 

Consider the subspace H = (ex). It is clear that H is a nilpotent subal- 
gebra. Put 

m 

a = aei + ^2f3 k e k G N(H), 

k=2 

m 

then H 3 [a, e%, . . . , e\\ = ' S ^ l í3 k e k and therefore (3 k = for all 2 < k < ra. 

k=2 

Thus H = N(H) and H is a Cartan subalgebra in L. 

Lemma 3.1. Let L be the Leibniz n-algebra (n > 3) constructed from a 
Leibniz algebra as in Example \2.1\ and let Q be a Cartan subalgebra of the 
Leibniz algebra L. Then in the Leibniz n-algebra we have: 

a) S is a nilpotent subalgebra; 

b) N($s) = L. 

Proof. The nilpotency of the subalgebra S in the Leibniz n-algebra follows 
from its nilpotency in the Leibniz algebra L. From [T3] it is known that under 
the natural homomorphism of a Leibniz algebra onto the corresponding factor 
algebra which is a Lie algebra, the image of the Cartan subalgebra 3 is a 
Cartan subalgebra of the Lie algebra. Further using abelianness of Cartan 
subalgebras in Lie algebras [8] we obtain that [3, 3] is contained in the ideal 
generated by the squares of elements from the Leibniz algebra L, and this 
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ideal is contained in the right annihilator. Therefore for n > 3 we have 
N(Q) = {x G £|[z,9f,...,9f] C 3} = L. □ 

For Cartan subalgebras of n-Leibniz algebras similar to the case of n-Lie 
algebras and Leibniz algebras, there is a characterization in terms of the 
Fitting's null-component, namely, the following proposition is true. 

Proposition 3.1. Let Q be a nílpotent subalgebra of a Leibniz n-algebra L. 
Then Q is a Cartan subalgebra if and only if it coincides with Lq in the 
Fitting decomposition of the algebra L with résped to R(^s). 

Proof. Let x G AT(9f), then [x, h 2 , h n ] G S for all /i¿ G 3 (2 < i < n). Since 
S is nilpotent there exists k G N such that R k (h 2 , ■ h n )(x) = 0, i.e. x G Lq. 

Therefore we have N($s) C Lq. Since 3 C Ní^s) we obtain that 3 C Lq. 

Snppose that S S Lq. 

Taking R($s) instead of G in Theorem 12.21 we obtain that L is invariant 
with respect to R($s) and R(h 2 , h n )\i is a nilpotent operator for all hi G 
3 (2 < i < n). 

Therefore we have 

R(S) : L -> L , 

where -R(S) is a Lie algebra. 

Thus we obtain the induced Lie algebra R($S) ■ Lo/Q — > L /$s, where 
Lo/S is a non-zero linear factor space. If we consider R($s) : ¿o - ► -^o, 
then as it was mentioned above the operator R(h 2 , h n ) is nilpotent for all 
hi G S (2 < i < n). Then by Engel theorem [8J it follows that there exists a 
non-zero element x = x + 3 (x ^ 9?) such that R($s)(x + 3) = 0. This means 
that [x, h 2 , h n ) G 9 for every hi G ^ (2 < i < n). Therefore there exists an 
element x G N(Q) such that x ^ $s - the contradiction shows that 9 = Lq. 
The proof is complete. □ 

Corollary 3.1. Let 9 be a Cartan subalgebra of the Leibniz n-algebra L. 
Then 9 is a maximal nilpotent subalgebra of L. 

Proof. Let i? be a nilpotent subalgebra of the L such that 3 C 5 then by 
Proposition 13.11 we have 3CBC Lq(5s) = 9. □ 

The following theorem establishes properties of the Fitting's null-component 
of the regular element of an n-Leibniz algebra. 



13 



Theorem 3.1. Let L be a Leibníz n-algebra over an infinite field and let x 
be a regular element for L. Then the Fitting null-component 9 = L with 
respect to the operator R(x) is a nilpotent subalgebra in L. 

Proof. Let us prove that both Fitting components with respect to R(x) are 
invariant under R(^s). Indeed, let a = (a 2 ,...,a n ) G S5 x ( n_1 ). Then from (4) 
it easily follows that 

[[[R(a), R(x)],R(x)), R(x)) = (-l) m V R (i?(x) í2 (a 2 ), R(x)^(a n )) . 

s v ' *—Í _ 

m— times i2+---+in—m 

For sufficiently large m we obtain that 

[[[R(a),R(x)},R(x)],...,R(x)}=0. 

S v ' 

m— times 

From [8j (Lemma 1, chapter II, §4) we have that the Fitting components 
Lq and L\ with respect to R[x) are invariant under R(a). 

Let us prove that the operator R(h 2 , h n )\ Lo is nilpotent for /i¿ G S (2 < 
i < n). Assume the opposite, i.e. there exists h = (/i 2 , h n ) G Q x ( n ~ 1 ) such 
that R(h 2 , h n )\ Lo is not nilpotent. 

Consider u l = (w 2 , where m* = txi + (1 — t)/i¿ and í belongs to 

the underlying field. Then the elements of the matrices -R(w 2 , ...,m^)|l and 
R{u\, i^JUi are polynomials in í. Since for í = 1 we have R(x)\l 1 = 
and is non degenerated, there exists t such that í?(m í °)|¿ 1 

is non degenerated and -R(-u ío )|l is not nilpotent. 

In this case the dimensión of the Fitting null-component of the space L 
with respect to the operator R{u to ) is less than the dimensión of the Fitting 
null-component with respect to the operator R(a), which contradicts the 
regularity of the element x. 

Therefore, R{h)\i is nilpotent for every h G $5 X (™ _1 ) and by Theorem 12. II 
S is nilpotent. The proof is complete. □ 

Let us recall that the Fitting null-component with respect to the right 
multiplication operator by a regular element in n-Lie algebras j9j and Leibniz 
algebras PQ is a Cartan subalgebra. But in the case of Leibniz n-algebras 
the Example 12.31 shows that the Fitting null-component with respect to the 
operator of right multiplication by the regular element e = (ei, e 2 , . . . , e n _i) 
is not a Cartan subalgebra, because Vqr^ = {0} and ÍV({0}) = L. 



14 



Proposition 3.2. Let L be a Leibniz n-algebra over a field F and let Vt be 

an arbitrary extensión of the field F . Pul Lq = Lp ® Then S is a Carian 
subalgebra in L if and only if = ® ^ is a Carian subalgebra in Lq. 

Proof. Let 3 be a Cartan subalgebra in L. Then 3q is a subalgebra in Lq. 

Since Qí <fc> i = 0, from the evident equality Q^ fc>1 = Q F k>1 <g> ü it follows 
that is a nilpotent subalgebra. 

Consider a n G N(^s n ). Then [an, /i 2 n, • • • , ^si] = [a, /¿ 2 , • • • , h 
where = a® a, a¿n = (2 < i < n). Therefore, ÍV(3q) C iV(3) ®íl 

But 3 is a Cartan subalgebra and thus Ní^s) = 3 and N(^sq) C <S> = 

Therefore, is a Cartan subalgebra in Lq. 

Conversely, suppose that is a Cartan subalgebra in Lq. Then from 
3< fc>1 Jí = 3< fc >i = it follows that 3< fc>1 = 0. 

Consider a G iV(Q>). We have [a, h 2 , ■ ■ ■ , h n ] G for all h¿ é S (2 < 
¿ < ra). Since [a n , h 2U , . . . , ft n fi] = [a, h 2 , . . . , h n \ <g> a^ 2 ■ ■ ■ ln G 3p <g> fí, where 

= a <g> a, /¿¿n = /i¿ <8> 7¿ (2 < ¿ < ra), one has a ® a = G iV(£yn) = = 
Qp g) Í2. Therefore, a G 3^ and 3f is a Cartan subalgebra in Lp. The proof 
is complete. □ 

Theorem 3.2. Let if : L — > V be an epimorphism of Leibniz n-algebras 
and suppose that 3 is Cartan subalgebra in L and (p($S) = 3'. Then $s' is a 
Carian subalgebra in L' . 

Proof. In view of Proposition 13.21 we may assume that the field F is alge- 
braically closed. 

Consider the decomposition into the sum of characteristic subspaces: 

L = L a £B Lp © • • • © Lry 

with respect to the nilpotent Lie algebra R($s) of linear transformations of 
the vector space L, where L a = {x G L \ (R(h) — a(h)id) h (x) = for some 
k and for any h G O^™ -1 -*}. Then 

<p(L) = <p(L a ) + y{L p ) H h <p{L 7 ). 

By using the properties of homomorphisms we obtain by induction that 

y? o R(x 2 , x n ) k = R(<f(x 2 ), (p{x n )) k o if 

for every k EN. 
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Further we have 



(p o (R(h) - aid) k = poJ2 C¡a n - k R(hy 



k 



C\a n ~ k p o R{hf = Cla n - k R{^{h)) k o <p 



\R(p(h)) - otidf oip, 



where C\ are binomial coefficients. 



Therefore from 

(R(h) - a(h)id) k (x) = 

we obtain 

(R(h') - a(h')id) k p(x) = 0, 

where h! = p(h). 

Thus, if x G L a , then x' G L' a (where <p(L a ) = L' a ). Since p is epimorphic, 
we have the following decomposition of the space V with respect to R{^s')\ 

Lf = L' a © L'p © • • ■ © L' T 

where (p{L a ) = L' a and o G {a, (3, . . . , 7}. 

If a 7^ 0, the action of 3' on L' a is non degenerated and therefore 
L' Q = p(L ) = <p($s) = $s'. Now Proposition 13.11 implies that 3' is a Car- 
tan subalgebra of V . The proof is complete. □ 

Proposition 3.3. If the sum x\ +X2 + ■ ■ ■ + x m = x of characteristic vectors 
correspondíng to dífferent characteristic valúes pi, P2, ■ ■ ■ , Pm of a transforma- 
tion Q belongs to an invariant subspace M, then each summand is contained 
in M. 

Proof. See p], Chapter III, p. 147. □ 

Proposition 3.4. Let M be an invariant subspace of a vector space V with 
respect to a linear transformation Q : V — > V. If for the element x = xq + 
x a + xp + • • • + x 1 decomposed into the sum of characteristic vectors from 
corresponding characteristic spaces (( G {0, a, /3, j}) we have Q(x) G 
M. Then x - x G M. 
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Proof. If X — Xq then everything is clear. 

Suppose that x ^ x , i.e. there exists a non zero vector among x a , xp, . . . , 
x 1 . We may assume that x a ^ 0. 

From Q(x) G M it follows that 

<2(zo) + QM + Qfo) + • • • + Q(x^ G M. 

Since M is invariant and <3(^<r) G L CT for every a G {0, a, /3, ...,7}, Propo- 
sition [3731 implies that Q(x a ) G M for every o G {0, a, /3, ...,7}. 
Note that Q(x a ) 7^ because a = 0. 

We have Q(M n L a ) C Q(M) n Q(L a ) C M n L a . It is clear that for 
non zero 1/ G M íl L a we have 7^ (because otherwise y & L , while 

L nL a = 0). 

Therefore Q(M n L a ) = MílL tt . Since Q(x a ) G Mí1I a there exists 
y G M n L a such that 

QOa) = Q(y) Q(x a - y) = =$> x a - y G L . 

But since x a , y G L Q , we have x a — y G L a n L . Therefore, x a = y £ M. 
Since a is arbitrary we obtain that i a , X/3, . . . , x 7 G M and therefore 
x — xo = x a + x/3 + . . . x 7 G M. The proof is complete. □ 

For a Leibniz n-algebra L consider the natural homomorphism (p onto the 
factor algebra L = L/I. It is clear that L is an n-Lie algebra. 

Corollary 3.2. Let b G L x(n_1 ). Consider the decomposition of the element 
x = Xq + x a + x¡3 + ■ ■ ■ + x~f with respect to R(b), where x a G L a , a G 
{0, a, /3, 7}. If there exists k G N such that R(b) k (x) G /, then x = xq. 

Proof. Let R(b) k (x) G / and R(b) k ~\x) i I. 

Setting Q := R{b) k ', we obtain Q(x) G I. On the other hand Q(I) C / 
since J is an ideal in L. Proposition 13.41 implies that x — xq G J, i.e. x = a?o. 
The proof is complete. □ 

Remark 2. For the Cartan subalgebra 3 of the Leibniz n-algebra L, we 
consider the Lie algebra R($s) of linear transformations L (which evidently 
is nilpotent) and the decomposition of L with respect to R(5s). Remark 1 
implies the existence of an element R(b) G Rfó) such that the Fitting's 
null-component with respect to the nilpotent Lie algebra of linear transfor- 
mations R(^s) coincides with the Fitting's nuil component with respect to 
the transformation R(b), i.e. L = L (b). Using Proposition 13.11 we obtain 

3 = £„(&)• 
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Lemma 3.2. Let b G S^™- 1 ) and 3 = L (b). Then S = Lg(b). 

Proof. Let S be the image of the Cartan subalgebra S under the homomor- 
phism if : L — > L/I. From the theory of n-Lie algebras ¡9] we know that there 

exists a regular element a = (0,2,0,3, . . . ,a n ) e3 X " 1 such that S = Lq(o). 

Without loss of generality we may assume that a = (a 2 , 03, • • • , a n ) G 
Q¡x(n-i)_ j^. j g c } ear ^at Lq(P) C Lq(o). Since a is a regular element we have 
that S C Lg(F). 

If there exists i such that a¿ G /, then L = Lq(ü) C Lq(6) and therefore 

Lq(o) = Lq(^) an d ^ = -^o(P)- 

Suppose that for any i we have o¿ G" J and S S Lq(E). Then there exists 
a; such that 2 = x + / G Lq(í>) \ Lq (a) . Therefore for the element x we have 
R(b) k (x) G / for some k and i?(a) s (a;) G" / for any s G N. 

Note that R{b) t (x) 7^ for any í G I, because in the other case x G 
Lo{b) Q Lq(o) which contradicts the condition x G" Lq(o). Therefore x ^ 3. 

Thus for the element x we have R(b) k (x) G / and x 7^ Xq. Corollary 13.21 
implies that x = xq G 3 = L^(a), which contradicts the choice of x. Therefore 
S = Lq(6). The proof is complete. □ 

Theorem 3.3. The image of a regular element for a Leibníz n-algebra L 
under the natural homomorphísm ip : L — > L/I is a regular element for the 
n-Lie algebra L/I. 

Proof. Suppose that a = (a 2 , «3, ... , a n ) G L x(n_1 ) is a regular element for L 
and a = (a 2 + /, 03 + 1, . . . ,a n + I) is not regular in L/I. Let b = (b 2 + 1, b% + 
I, . . . ,b n + I) be an arbitrary regular element for L/I, then a¿ — 6¿ ^ I for 
some i. 

Since / is an ideal in L, for every x G L x ( n_1 ) we have R(x)(I) C / and 
the matrix of the operator R(x) in the basis {ex, e 2 , . . . , e m , z 1; i 2 , . . . , i¡} of 
the algebra L (where i 2 , ■ ■ ■ , ii) the basis of /) has the following form: 

fiW = ( £ i ) ■ 

where X is the matrix of the operator i2(x)|{ ei) ... )em } and 7 X is the matrix of 
the operator R(x)\j. 
Let 
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be the matrices of the transformations R(a) and R{b) respectively. 

Denote by k (respectively by k') the order of the characteristic valué 
of the matrix A (respectively B) and by s (respectively by s') the order of 
the characteristic valué of the matrix I a (respectively /&). Then we have 
k' < k, s < s'. 



Since b G U and a G V, the above sets are non empty. Similar to consid- 
erations in |TJ one can prove that the sets U and V are open in the Zariski 
topology and therefore they have non-empty intersection. Let y G U H V, i.e. 

such an element that Y has the order of the characteristic 
valué less than k and I y has the order of the characteristic valué less than 
s + 1. But in this case R y has the order of the characteristic valué less than 
k + s, i.e. dimL (y) < k + s — 1. Therefore we come to a contradiction with 
the regularity of the element a, if we suppose that a is not regular. The proof 
is complete. □ 

It should be noted that the preimage under the natural homomorphism 
of a regular element (Cartan subalgebra) is not necessarily regular element 
(respectively, Cartan subalgebra). 
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